A rigorous analytical study of the global error of panel methods is presented. The analysis is performed for a wide variety of body shapes and different panel geometries to fully understand their effect on the convergence of the method. In particular, we study the global error associated with panel methods applied to thin or thick bodies with purely convex parts or with both convex and concave parts, and with smooth or non-smooth boundaries. Most previous studies focused on the analysis of local error, considering only the influence of the nearest panels and excluding the rest. The difference is shown to be appreciable in many configurations. Generally, there is a lack of consensus concerning the order of magnitude of the error for panel methods even in the simplest case with flat panels and a constant distribution of doublets along them. This paper clarifies apparently different or inconsistent results obtained by other authors.
Introduction
The importance of the Laplace equation in aerodynamics (and many other fields of science) means that a great deal of effort has been directed toward developing analytical and numerical methods for its solution. Among the most popular numerical schemes are panel methods, or boundary element methods (BEMs) [1, 2] , which reduce the problem of finding the velocity potential for the entire fluid to the calculation of this potential on the surface of the body itself. Thus, the dimension of the problem is reduced from three to two (or, in the case of two-dimensional flows, from two to one) making BEMs very attractive for their low computational cost. Since the pioneering work of Hess and Smith there have been numerous publications and many numerical codes based on panel methods [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] ; among these we emphasize the reviews of Hess [9] , Erickson [10] and the book of Katz and Plotkin [12] . Boundary element methods are an active field of study, especially within the engineering community, with new applications being developed rapidly.
The panel method based on Green's formula was first introduced in the work of Morino and Kuo [4] , in which the primary unknown was the velocity potential. There are two main formulations both based on Green's formula: Neumann and Dirichlet [12] . The Dirichlet formulation solves the Laplace equation numerically and provides the velocity potential. However, with the Neumann formulation, only differences of potential are obtained. The Dirichlet formulation is more stable and more suitable to numerical computation than the Neumann formulation and leads to numerical errors of a smaller order of magnitude.
Initially, panel methods were developed using flat panels and a constant [3, 5] or linear [6] distribution of singularities on each panel. Beginning in the 1970's however, singularity distributions were also modeled (on each panel) using quadratic [4, 15, 16] or cubic [17] functions. In a similar fashion, the panels themselves, which were initially taken to be flat, were generalized to include non-planar geometries [4, 15] . However, in the last several decades many numerical codes returned to the original low-order approach, as indicated in [12] . The main reason for this is the more complicated implementation of higher-order methods compared to lower-order ones [11] .
A lot of studies have addressed the question of error in these methods. Some carry out a numerical analysis of the error by comparing a numerical solution with a known analytical solution [18] [19] [20] . Others perform a local analysis of the error by using small curvature expansions to obtain local approximations to the velocity and potential integrals [21] [22] [23] [24] . However, to the best of our knowledge, a rigorous analytical study of the global error of these methods that applies to thin or thick bodies, with purely convex parts or with both convex and concave parts, and with smooth or non-smooth boundaries, has not yet been performed. In this paper, we present such an analysis for a wide variety of body shapes and try to understand the effect of the body and panel geometry on the convergence of the method. This allows us to clarify several important questions about the convergence rate for the velocity potential since, even for the simplest case of flat panels with a constant distribution of doublets along them, there is a lack of general consensus. Depending on the airfoil geometry, the panel geometry and the discretization, apparently different or inconsistent results are obtained by other authors, and differences between theoretical and numerical results exist as well [18] [19] [20] 24, 25] .
This work presents a formal analytical and numerical analysis of the asymptotic global error in panel methods when applied to a Dirichlet formulation [12] for different body geometries. In addition, an analysis of the influence of the panel geometry on the global error is performed. The work is organized as follows. In Section 2 a brief description of panel methods is given. In Section 3 the global error analysis is performed analytically. In Section 4 the details of the error estimation are presented. Section 5 considers the numerical and analytical solutions for different body geometries in order to compare the actual and predicted errors in each case. Finally, in Section 6 the main conclusions are given.
Brief description of the panel method
The velocity potential around a body of known shape submerged in a potential flow satisfies the irrotational, incompressible continuity equation in the body's frame of reference [12] :
Boundary conditions require a vanishing normal velocity component on the body surface,
and a constant velocity in the far field limit:
where V&, denotes the imposed velocity far from the body. Using Green's identity, the general solution to Eq. (1) can be written as:
which gives the velocity potential CP at any point p. This potential is considered to be caused by a distribution, on the surface of the body S B , of point sources of intensity d0/dn -d0{ nt /dn and doublets of intensity 0 -0{ nt oriented along axes n, and by a distribution, along the wake, of doublets of intensity 0 + -0~ with axis of orientation n. Fig. 1 shows the body and the relevant surfaces; on the body n is oriented outward while it points upward along the wake. CP m is the velocity potential produced at a point p by a point source of unit strength located on ds, v0 m -n gives the velocity potential at a point p produced by a doublet of unit strength located on ds and oriented along ~", "^int is the so-called interior potential, which is required to satisfy the Laplace equation in the interior of the body, and the final term in Eq. (4) is the potential of the stationary flow far from the body, evaluated at p: 0^ = U 0O (xcosa + zsina), where U^ = |^J, a is the angle between the incident flow and a reference line (angle of attack), and x and z are the coordinates of the point p in a fixed reference frame. Imposing d0/dn = 0 on the boundary of the body, the velocity potential at the point p can be written as 
Taking the point p to be on the surface of the body reduces the problem to an integral equation for the unknown velocity potential on the surface.
To simplify calculations, in what follows we take 0{ nt = 0. In this case the point source distribution a vanishes, and Eq. (5) reduces to
Global error estimate for dirichlet formulation
Here we derive an estimate for the expected numerical error upon solving Eq. (7) with the lower order panel method. This equation can be written as
where, in the first integral, the variable of integration, s, is the arc length parameter along the body surface, s = s (s) is a point on the body surface S B , and n = n(s) is the (unit) normal vector directed outward from that point. In the second integral the variable of integration is % w , measuring distance along the wake panel S^, while f w = f w (f w ) is a point on the wake panel and n w is a unit normal vector directed upwards. The prefactor r = 0 + -0~ denotes the circulation around the body. In what follows, the geometry of the body will be approximated with a collection of flat panels fi, i = 1 .. N of length Zj. We assume that the intensity of the doublet distribution is constant on each individual panel and that all panels are of comparable size, i.e, with a characteristic lengthscale / = 0(1/N); hereafter, we use the Landau notation "O (•)" for order of magnitude. The discretization of the body surface and the wake are illustrated in Fig. 2 .
Enumeration of the panels begins at the point of attachment of the wake, with panel number 1, and continues clockwise around the body, ultimately reaching the starting point again after panel JV (this time from above the wake panel). As illustrated in Fig. 2 , the endpoints of these panels (which lie on the body surface) similarly divide the true body surface into JV (curved) segments L t . We may thus decompose the first integral term in Eq. 
<PQ>)
where we use the subscript! to indicate that«; or s t is restricted to panel !. The idea is to use this equation, evaluated at an appropriate point p that tends from the outside to the body surface (see Fig. 3 ), and to compare the value of <0(p) with the "numerical" potential 0 n (p), which is calculated by assuming a constant doublet distribution along each of the JV panels Cj. This latter potential can be written as
where ^ is a point on panel !, with cj, measuring distance along it (see 
which generates an JV-dimensional linear system of equations. The reference point p, when associated with panel!, will be denoted by p t ; the relationship between p t and x t is depicted in Fig. 3 . In the convex case (the typical situation) we let the point p t tend to the true body surface. On the other hand, if the body is concave at panel ! then we let p t tend to the panel itself (in practice, and for simplicity, we take p t = x { ). This distinction is necessary so that both CP and CP™ are well defined at the point of comparison p t .
We define the error as
To estimate the error e t we take an appropriate point p t on each panel and subtract Eq. (10) from Eq. (9) to get
Next we employ the mean value theorem, writing for panels in the convex case
where s is the aforementioned arc parameter but could, in principle, be any scalar variable that parameterizes a path tending to the body surface from outside (where CP is well-defined) connecting «; and p t . The point z s is located along that path, while Z; is another point (on a line segment) between p t and x t .
In the concave case we set » = x { and write
In the above, z s is a point (on a line segment) between s; and x;. Note that the only difference between the convex and concave cases is in the definition of ipt. By introducing Eqs. (14) and (16) in Eq. (13), we obtain
Note the fact that
.|2 ' f c d0 nsj :
where $ p . s . is the (polar) angle associated with the vector s, -p t (see Fig. 4 ), a function of the position s, along a path C, 9p. x -, corresponds to the node xj of panel j, and 9p. x ., corresponds to the node xj (see Fig. 2 ) and By is the angle subtended by panel j as viewed from p t . The reference axis for $ p . s . is taken parallel to the wake panel.
Eq. (19) shows that the value of the integral on the left-hand side only depends on the relative position between the endpoints of the path L it and therefore By introducing Eq. (20) into Eq. (18) we have
and
where S icx , is the angle subtended by the wake panel as viewed from p t . Finally, we can use the Kutta condition to express the circulation in terms of the velocity potential at the trailing edge
where x^ (the final point on the Mh panel) and x( (the initial point on the first panel) should be thought of as tending to the trailing edge from above and below, respectively. Using (24) in Eq. (21) gives
Applying Eq. (25) to each of the N panels yields a linear system of equations for the "unknowns" e t . Eq. (25) (26) where S it = S it -2n, fi t = -£. =1 fi tj and 4 W = ^(x/) -y/ N (x^). Note that, for the coefficients 5^ and <%", in Eq. (25) , the integration path is irrelevant; they do not depend on the panel shapes, only on the endpoints of the panels. So, if there is any influence on the error magnitude of the panel shapes, it can only be through the coefficients p t or 4 i N .
To estimate the error e t we need to estimate the right-hand side (RHS) of Eq. (26) and to establish that the N X N matrix is invertible and that its eigenvalues are well-behaved (i.e., not too large or too small). In the next section we estimate the order of the RHS of Eq. (26) analytically. Then, in Section 5 we analytically obtain the order of magnitude of the error for different body configurations and validate these against several numerical experiments.
Details of error estimate
We estimate here the size of the RHS of Eq. (26) . First, recall that -2 =1 fitj, where fty was defined in (22) . By using the polar angle . S We first consider the convex case and focus on the second term in Eq. (15). We can use the mean value theorem, applied to each component of vP n , to establish
and may write p i on the surface is taken to be "directly above" the control point x;. We hereafter assume this to be the case, and write
Note that if we use curved panels this term could be o (l 2 ).
The remaining term is 0(0 but makes a contribution to fty of lower order if the control points are taken to be the midpoints of the panels Ci, as they usually are. To prove this we appeal to the mean value theorem to write 30 -fe) : 30 
where we have made use of Eq. (A.3) and the fact that 
). 
where we have dropped the subscripts for convenience. Then, if we use
we have £;(*;) -Sty'
By using Eq. (37), the integral in Eq. (34) is easily evaluated,
where we have defined the 0(0 quantities a'
Note that a' Sij is the angle subtended by panel j as viewed from p i while a' -a F is the difference between the angles subtended by the portions of {j before and after (in a clockwise sense) Xj. In general this difference will be 0(0 as well, but in the case where x, is located at the center of the panel (total length lj) the leading order terms cancel. To see this we use
and expand in lj to get,
It then follows that For i=j, considering p t "directly above" x t we have:
In the concave case we have !//;(«;) = V*fc)-(Sj -X t ).
We again make use of the mean value theorem, and write 
The remaining steps in estimating the integral in Eq. (34) are exactly as in the convex case, the result being Eq. (44). Thus, under the assumptions that the control points x; are located at the center of the panels and that the points of (error) comparison p t are taken to be directly outside of (or, Fig. 7 . Sketch of trailing edge in a sharp body.
Details of error estimate for sharp trailing edge
In Fig. 7 f -p cos 9 + p sin 9 cos 9 sin# = -p cos 9 (9 F -9') + p sin 9 (log I sin 9 F I -log I sin 9' I). 
Note that when y tends to n then §i N tends to zero, and when y tends to zero 5 1N tends to n. The integral in Eq. (54) for panels 1 and N is then f p cos 9 + p sin 9 cos 9 sin# d9 = I sin
Thus, not only for panels 1 and JV, but also for other panels near the trailing edge, the integral is not 0(/ 3 ) as obtained in (46) 
Results
In this section the errors e* are estimated analytically for bodies with and without sharp corners and with concave or convex parts. In order to validate the theoretical results several numerical experiments are performed for which an accurate analytical solution is known. A comparison of the numerical and analytical solutions determines the true numerical error and we check whether this result agrees with the theoretical prediction.
For all numerical experiments described in this section, the wake is oriented parallel to the x axis, and the angle of attack a is defined as the angle between this axis and the incident flow, which is given in each case. The modulus of the far field velocity is set to unity: £4,=1.
Numerical error for thick bodies without sharp corners
Appendix A shows that 8H = TI+OQ), so 8U=-TI+OQ) and S{j, with i ^ j, oo, is 0(0 or smaller for these bodies. Moreover we have Sioo = -SNOO = x/2 + OQ) and 5^ = 5m = OQ), so the N x N matrix in Eq. (26) 
The matrix is, therefore, well-behaved since the off-diagonal terms are 0(0 or smaller except for the first and the last column while the diagonal entries are, in general, close to -x. We thus expect the errors Ei to be of the same order as the RHS. Section 4 shows the RHS of Eq. (26) to be OQ 2 ) provided two conditions hold:
i. The control points x t are located at the center of the panels {j. ii. The points of comparison p i are located "directly above" (or coincident with, in the concave case) the x t such that ti-(p { -Xi) = OQ 2 ) where tt is a unit vector tangent to panel !.
If either of these conditions is violated the error is 0(0-To confirm these results we obtain the numerical error in known cases, beginning with the flow around a thick ellipse with major axis of length 5 and minor axis of length 3; see Fig. 8 . The ellipse and the analytical expression for the velocity potential around it have been obtained from a Joukowski transformation:
of a circle centered at (xo, y 0 ) = (0, 0) with radius R=2 and a=l. In Eq. (59) t is a complex variable in the original domain, r is a complex variable in the transformed space and a is a constant. Since the complex potential around a circle has the analytical expression,
with t 0 = x 0 + iy 0 , we can express (see [12] ) the complex potential around the body in the transformed space as fQ(z)); the velocity potential CP is the real part of fQ(z)). Fig. 9 shows the numerical error obtained with this body by comparing the analytical and numerical solutions with a = 2°. This is calculated as a function of the number of panels, with the control points placed at the center of the panels, and at a point p placed (see Fig. 8 are found at other points of the body. This figure also shows the numerical error for this body when the control points are placed, instead, at the position /;/3; the order of the error in this case is 0(1/N), as predicted by the theory. Hereafter, the numerical error will be calculated with the control points placed at the center of the panels.
To validate the theoretical results for bodies with both convex and concave parts, we calculate the numerical error for the body of circle with radius R=2 centered at (xo, y 0 ) = (0, 1). Fig. 11 shows the numerical error at two points placed at (x, y) = (-0.358, 2.643) (on the convex part of the profile) and (x, y) = (-0.727, -0.0653) (the concave part of the profile) for a = 2° as a function of the number of panels. This figure shows that the numerical error is Oil/N 2 ) for both points, which is as the theoretical analysis predicts. Similar results are found at other points of the body.
Numerical error for thin bodies without sharp corners
For these types of bodies (see, e.g., the ellipse of Fig. 12 , it is necessary to take l<h, with h being a characteristic thickness of the body, such as the length of the vertical axis for the ellipse in Fig. 12 , to avoid the following problems: ii. Besides the problem above, when h<l the configuration of the panels near the trailing edge is as in Fig. 13 , which shows the trailing edge of the ellipse of Fig. 12 in detail. In this case, the angle of the panels at the leading and trailing edges is not close to n, so the body would behave as if it had a sharp corner. In this situation we cannot use the approximation in Eq. (36), and the order of p t may not be Oil 2 ), as explained in Section 4.1 and discussed in the next section.
To validate the analytical results we calculate the numerical error for the ellipse of Fig. 12 , with major axis of length 7.61 and minor axis of length 0.39. The ellipse and the analytical solution for the velocity potential around it have been obtained from a Joukowski transformation with a=1.9 of a circle centered at (x 0 , y 0 ) = (0, 0) with radius R=2. A comparison of this figure with Fig. 9 shows that the slope of the error curve changes in the case of the thin ellipse and remains nearly constant for the thick one. Thus, if the length of the panels, which is O (1/A0, is sufficiently small compared to the thickness of the body, the order of the error is 0(l/iV 2 ) with flat panels in both cases, including near the points of higher curvature, as the theoretical analysis predicts. In particular, the error is not 0(1/N) for flat panels and Oil/N 2 ) for curved panels, as other authors [19] suggest. In [24] it is found that thickness does not affect the order of magnitude of the error if the number of panels is large enough. However, in that reference, the authors do not give an analytical explanation for this fact but, instead, present calculations with different Karman-Treftz bodies, situations where the effect of the trailing edge angle may be more important than the effect of the thickness.
Numerical error for bodies with sharp corners
For bodies of this type the order of Pi may not be O (l 2 ), as explained in Section 4.1. From Eq. (26) 
If panel k is far enough from the trailing edge, the term /Jj. would be of order Oil 2 ). However, the error is also influenced by the terms p\ and PJST, as we show in Section 4.1, for bodies with a sharp trailing edge; depending on the shape of the profile, they could be Oil p ) with p e [1, 2]. The numerical error could thus be 0(1/N P ) with p e [1, 2] even though the point in question is far from the trailing edge.
To validate the analytical results we consider different bodies, both symmetric and asymmetric. Fig. 15 shows several symmetric bodies obtained from a Karman-Trefft transformation:
with different values of k-r, the constant a is given by:
Fig. 14. Numerical error for a thin ellipse.
with (xo, y 0 ) = (-0.2, 0) and R=l. Fig. 16 shows the numerical error for a = 2° as a function of the number of panels. As this figure shows, the numerical error is Oi\IN p ) with p e [1, 2], and p decreases when k T increases because the angle at the trailing edge, y, decreases. Similar behaviour for the error is obtained with other panels.
There is an exception for symmetric bodies when a = 0°. In this particular case, with symmetric geometry and symmetric flow around the body we have d>P(p k )/ds = d>P(p N _ k+l )/ds. Since the integral in Eq. (34) depends only on geometry we conclude than f> k = f> N _ k+l and, in particular, fi x = f> N . In this case, from Eq. (67): shows.
For asymmetric bodies the results are similar although, in this case, there is no significant difference between the order of the error for a = 0° and for a ^ 0" because symmetric configurations are excluded. N) . Note that the exponent p can take any value between 1 and 2; it is not required that p=l or p=2, as several authors suggest [18, 19] . In [20] the error for panels near the trailing edge was also analyzed, and it was found that panels placed on the same side contribute an O (I 2 ) amount to the error while panels on the opposite side contribute 5 6 7 log(JV) we calculate the global error, considering the influence of all panels, the shape of the body, and the angle at the trailing edge, and find that the exponent p can take any value between 1 and 2, as stated above.
In [24] the authors obtain a numerical estimate of the error and find p= 1.4 for a particular Karman-Trefft body; the asymptotic order of the accuracy, however, is higher than the theoretical one they obtain, probably because they perform a local error analysis, not a global error analysis as done here. In [13] the convergence of the panel method in problems with non-smooth boundaries is analyzed. The authors use polygons and analyze the convergence at the corners, and also find that the error at the corners is the main factor that reduces the overall convergence of the method. 
Numerical error for curved panels
Section 4 shows that the use of curved panels does not modify the order of Pi or A-^, so there is no benefit to using curved panels instead of flat panels. To validate this theoretical conclusion, we consider the thin ellipse of Fig. 12. Fig. 23 compares the numerical error for this ellipse when approximated by flat panels with that found using two types of curved panels. The curved panels are placed so that the control points are 1/3 or 2/3 of the distance between x; and p t . The figure shows that there is no difference in the order of the error when curved panels are used. This verifies that the curvature of the panels has no influence on the order of magnitude of the error, as suggested in [16] and by other authors, at least for the case analyzed here with a doublet distribution of constant strength along the panel. Generally, for methods using a constant strength singularity distribution, it does not reduce the order of the error to use more complex panel geometries by including, e.g., quadratic or cubic terms. (ii) To minimize error, the control points x t should be located at the center of the panels Ci, and the points of comparison p i should be located "directly above" the control points x t in the convex case and coincident with x; in the concave case. If this condition is violated the error is OQIN).
(iii) There is no difference in the order of the error for bodies with only convex parts compared to bodies with both convex and concave parts.
(iv) Concerning the shape of the panels, the analysis shows that the use of curved panels rather than flat ones does not improve the order of the error.
The work presented here suggests several promising directions for future research, including application of this type of analysis to the study of error for panel methods using doublet distributions of variable strength along the panels, extension of the analysis to three-dimensional problems, and extension to other applications of BEM such as, for example, adaptive BEM computational schemes (see [26] ).
Appendix
Here we give the details behind some of the previous results.
Appendix A. Local geometric considerations
It is useful to consider a system of local coordinates centered on a particular panel, as shown in Fig. A. l. The origin is taken to be at the center of the panel Cj and the f, and n t axes are oriented parallel and perpendicular, respectively, to this panel. The body surface may be described in terms of these local coordinates by a function rj t 
